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Abstract
In four spacetime dimensions there exist two off-shell formulations for the mass-
less multiplet of superspin (s+ 12 ), where s = 2, 3, . . . . These supersymmetric higher
spin gauge theories, known as longitudinal and transverse, are dual to each other
and describe two massless fields of spin (s + 12) and (s + 1) upon elimination of
the auxiliary fields. They respectively reduce, in the limiting case of s = 1, to the
linearised actions for the old minimal and the n = −1 non-minimal N = 1 super-
gravity theories. Associated with these gauge massless theories are non-conformal
higher spin supercurrent multiplets which we describe. We demonstrate that the
longitudinal higher spin supercurrents are realised in the model for a massive chiral
scalar superfield only if s is odd, s = 2n+ 1, with n = 1, 2, . . . .
1 Introduction
Supercurrent [1] is one of the fundamental concepts in supersymmetric field theory,
for it contains the energy-momentum tensor and the supersymmetry current(s). In the
case of superconformal field theories, the supercurrent is unique. In particular, the N = 1
conformal supercurrent in four dimensions is a real vector superfield Jαα˙ subject to the
conservation equation [1]
D¯α˙Jαα˙ = 0 ⇐⇒ D
αJαα˙ = 0 . (1.1)
As an example, we consider the superconformal model for a massless chiral scalar Φ,
D¯α˙Φ = 0, with action
Smassless =
∫
d4xd2θd2θ¯ Φ¯Φ . (1.2)
It is characterised by the supercurrent [1]
Jαα˙ = DαΦ D¯α˙Φ¯ + 2i(Φ ∂αα˙Φ¯− ∂αα˙Φ Φ¯) . (1.3)
The conservation equation (1.1) follows if one makes use of the equations of motion
D2Φ = 0 and D¯2Φ¯ = 0.
In the non-superconformal case, however, the conservation equation (1.1) is replaced by
a deformed one. Such a deformation is triggered by a trace supermultiplet containing the
trace of the energy-momentum tensor and the γ-trace of the supersymmetry current(s).
In general there exist several consistent deformations, and therefore several inequivalent
supercurrents. This means that the problem of classifying inequivalent supercurrent mul-
tiplets needs to be addressed. A simple approach to achieve this is to make use of the
observation that consistent supercurrents are automatically associated with linearised off-
shell supergravity actions.1 Given a linearised off-shell action for N = 1 supergravity, the
supercurrent conservation equation is obtained by coupling the supergravity prepotentials
to external sources and then demanding the resulting action to be invariant under the
linearised supergravity gauge transformations. Since the linearised off-shell N = 1 super-
gravity actions have been classified [5], all minimal consistent supercurrents are readily
derivable [2]. Reducible supercurrents, such as the S-multiplet of [6], can be obtained by
combining some of the minimal ones.
1This approach is explained in detail in [2, 3] for the cases of N = 1 and N = 2 supersymmetric
theories in four dimensions, and in [4] for N = 2 supersymmetric theories in three dimensions.
1
The Ferrara-Zumino supercurrent [1] is described by the conservation equation
D¯α˙Jαα˙ = DαT , D¯α˙T = 0 . (1.4)
It corresponds to the old minimal formulation [7, 8, 9] for N = 1 supergravity. An
example of a supersymmetric theory in which this supercurrent is realised is the massive
chiral model
Smassive =
∫
d4xd2θd2θ¯ Φ¯Φ +
{m
2
∫
d4xd2θΦ2 + c.c.
}
. (1.5)
For this model, Jαα˙ can be chosen to have the same functional form as in the massless
case, eq. (1.3).2 The trace multiplet is then given by
T = mΦ2 . (1.6)
The higher spin extension of the conformal supercurrent (1.1) was given in [11]. It is
DβJβα1...αs−1α˙1...α˙s = 0 ⇐⇒ D¯
β˙Jα1...αsβ˙α˙1...α˙s−1 = 0 , (1.7)
where Jα(s)α˙(s) = Jα1...αsα˙1...α˙s = J(α1...αs)(α˙1...α˙s) is a real superfield. This conservation
equation is superconformal provided the supercurrent Jα(s)α˙(s) is superconformal primary
of weight (1 + s
2
, 1+ s
2
) [12]. The higher spin extension of the massless supercurrent (1.3)
was given in [12]. It is
Jα(s)α˙(s) = (2i)
s−1
s∑
k=0
(−1)k
(
s
k
)
×
{(
s
k + 1
)
∂(α1(α˙1 . . . ∂αkα˙kDαk+1Φ D¯α˙k+1∂αk+2α˙k+2 . . . ∂αs)α˙s)Φ¯
+2i
(
s
k
)
∂(α1(α˙1 . . . ∂αkα˙kΦ ∂αk+1α˙k+1 . . . ∂αs)α˙s)Φ¯
}
. (1.8)
This supercurrent was also re-derived in a revised version (v2, 10 Oct) of [13].
To obtain higher spin extensions of non-conformal supercurrents, one can make use
of the known gauge off-shell formulations for massless higher spin supermultiplets. Such
formulations were developed in the early 1990s in Minkowski superspace [14, 15] and anti-
de Sitter superspace [16] (see [17] for a pedagogical review of the results of [14, 15]). In
section 2 we briefly review the two formulations for each massless multiplet of half-integer
superspin s + 1/2, with s = 2, 3, . . .. In section 3 we present the non-conformal higher
spin supercurrent multiplets associated with these gauge theories. As an application, we
derive all higher spin supercurrents for the massive model (1.5).
2This follows from the fact that the gravitational superfield does not couple to the superpotential [10].
2
2 Massless half-integer superspin multiplets
For a massless multiplet of half-integer superspin s+1/2, with s = 2, 3, . . ., there exist
two off-shell formulations [14] which are referred to as transverse and longitudinal. They
are described in terms of the following dynamical variables:
V⊥s+1/2 =
{
Hα(s)α˙(s) , Γα(s−1)α˙(s−1) , Γ¯α(s−1)α˙(s−1)
}
, (2.1a)
V
‖
s+1/2 =
{
Hα(s)α˙(s) , Gα(s−1)α˙(s−1) , G¯α(s−1)α˙(s−1)
}
. (2.1b)
Here Hα(s)α˙(s) is a real unconstrained superfield. The complex superfields Γα(s−1)α˙(s−1)
and Gα(s−1)α˙(s−1) are transverse linear and longitudinal linear in the sense that they obey
the constraints3
D¯β˙ Γα(s−1)β˙α˙(s−2) = 0 =⇒ D¯
2Γα(s−1)α˙(s−1) = 0 , (2.2a)
D¯(α˙1 Gα(s−1)α˙2...α˙s−1) = 0 =⇒ D¯
2Gα(s−1)α˙(s−1) = 0 , (2.2b)
These constraints can be solved in terms of unconstrained prepotentials as follows:
Γα(s−1)α˙(s−1) = D¯
β˙Φα(s−1) (β˙α˙1···α˙s−1) , (2.3a)
Gα(s−1)α˙(s−1) = D¯(α˙1Ψα(s−1) α˙2···α˙s−1) . (2.3b)
The prepotentials are defined modulo gauge transformations of the form:
δξΦα(s−1) α˙(s) = D¯
β˙ξα(s−1) (β˙α˙1···α˙s) , (2.4a)
δζΨα(s−1) α˙(s−2) = D¯(α˙1ζα(s−1) α˙2···α˙s−2) , (2.4b)
with the gauge parameters ξα(s−1) α˙(s+1) and ζα(s−1) α˙(s−3) being unconstrained.
4
The gauge transformations of the superfields H , Γ and G are
δΛHα1...αsα˙1...α˙s = D¯(α˙1Λα1...αsα˙2...α˙s) −D(α1Λ¯α2...αs)α˙1...α˙s , (2.5a)
δΛΓα1...αs−1α˙1...α˙s−1 = −
1
4
D¯β˙D2Λ¯α1...αs−1β˙α˙1...α˙s−1 , (2.5b)
δΛGα1...αs−1α˙1...α˙s−1 = −
1
2
D¯(α˙1D¯
|β˙|DβΛβα1...αs−1α˙2...α˙s−1)β˙
3More generally, complex tensor superfields Γα(r)α˙(t) and Gα(r)α˙(t) are called transverse linear and
longitudinal linear, respectively, if the constraints D¯β˙Γα(r)β˙α˙(t−1) = 0 and D¯(β˙Gα(r)α˙(t)) = 0 are satisfied.
The former constraint is defined for t 6= 0; it has to be replaced with the standard linear constraint,
D¯2Γα(r) = 0, for t = 0. The latter constraint for t = 0 is the chirality condition D¯β˙Gα(r) = 0.
4For s = 2 the gauge transformation law (2.4b) has to be replaced with δΨ = ζ, with the gauge
parameter ζ being chiral, D¯α˙ζ = 0.
3
+i(s− 1)D¯(α˙1∂
β|β˙|Λβα1...αs−1α˙2...α˙s−1)β˙ . (2.5c)
Here the gauge parameter Λα1...αsα˙1...α˙s−1 = Λ(α1...αs)(α˙1...α˙s−1) is unconstrained. The sym-
metrisation in (2.5c) is extended only to the indices α˙1, α˙2, . . . , α˙s−1. It follows from (2.5b)
and (2.5c) that the transformation laws of the prepotentials Φα(s−1)α˙(s) and Ψα(s−1)α˙(s−2)
are
δΛΦα1...αs−1α˙1...α˙s = −
1
4
D2Λ¯α1...αs−1α˙1...α˙s , (2.6a)
δΛΨα1...αs−1α˙1...α˙s−2 = −
1
2
(
D¯β˙Dβ − 2i(s− 1)∂ββ˙
)
Λβα1...αs−1β˙α˙1...α˙s−2 . (2.6b)
In the transverse formulation, the action invariant under the gauge transformations
(2.5a) and (2.5b) is
S⊥s+1/2[H,Γ, Γ¯] =
(
−
1
2
)s ∫
d4xd2θd2θ¯
{1
8
Hα(s)α˙(s)DβD¯2DβHα(s)α˙(s)
+ Hα(s)α˙(s)
(
DαsD¯α˙sΓα(s−1)α˙(s−1) − D¯α˙sDαsΓ¯α(s−1)α˙(s−1)
)
+
(
Γ¯ · Γ +
s + 1
s
Γ · Γ + c.c.
)}
. (2.7)
In the longitudinal formulation, the action invariant under the gauge transformations
(2.5a) and (2.5c) is
S
‖
s+1/2[H,G, G¯] =
(
−
1
2
)s ∫
d4xd2θd2θ¯
{1
8
Hα(s)α˙(s)DβD¯2DβHα(s)α˙(s)
−
1
8
s
2s+ 1
( [
Dγ , D¯γ˙
]
Hγα(s−1)γ˙α˙(s−1)
) [
Dβ, D¯β˙
]
Hβα(s−1)β˙α˙(s−1)
+
s
2
(
∂γγ˙H
γα(s−1)γ˙α˙(s−1)
)
∂ββ˙Hβα(s−1)β˙α˙(s−1)
+ 2i
s
2s+ 1
∂γγ˙H
γα(s−1)γ˙α˙(s−1)
(
Gα(s−1)α˙(s−1) − G¯α(s−1)α˙(s−1)
)
+
1
2s+ 1
(
G¯ ·G−
s+ 1
s
G ·G+ c.c.
)}
. (2.8)
The models (2.7) and (2.8) are dually equivalent [14].
We now briefly comment on the limiting s = 1 case which should correspond to
supergravity. The transverse linear constraint (2.2a) cannot be used for s = 1, however
its corollary D¯2Γα(s−1)α˙(s−1) = 0 can be used,
D¯2Γ = 0 . (2.9)
This constraint defines a complex linear superfield. In accordance with (2.5b), the gauge
transformation of Γ is
δΛΓ =
1
4
D¯β˙D
2Λ¯β˙ . (2.10)
4
The action (2.7) for s = 1 coincides with the linearised action for the n = −1 non-minimal
supergravity, see [5, 17] for reviews.
The longitudinal linear constraint (2.2b) is the chirality condition for s = 1,
D¯α˙G = 0 . (2.11)
The gauge transformation law (2.5c) cannot directly be used for s = 1. Nevertheless, it
can be rewritten in the form
δΛGα1...αs−1α˙1...α˙s−1 = −
1
4
D¯2DβΛβα1...αs−1α˙1...α˙s−1
+i(s− 1)∂ββ˙D¯(α˙1Λβα1...αs−1α˙2...α˙s−1)β˙ , (2.12)
which is well defined for s = 1:
δΛG = −
1
4
D¯2DβΛβ . (2.13)
The action (2.8) for s = 1 coincides with the linearised action for the old minimal su-
pergravity, see [5, 17] for reviews. There are actually three different realisations for G in
terms of unconstrained superfields (see also [18, 19] for recent discussions). The standard
realisation is
G = −
1
4
D¯2U , (2.14)
where the prepotential U is an unconstrained complex superfield, with the gauge trans-
formation law δΛU = D
βΛβ. It is this realisation which corresponds to the old minimal
supergravity. The second realisation is to make use of a three-form multiplet [20]
G = −
1
4
D¯2P , P¯ = P , (2.15)
where P is a real but otherwise unconstrained prepotential, with the gauge transforma-
tion law δΛP = D
βΛβ + D¯β˙Λ¯
β˙. This realisation corresponds to the so-called three-form
supergravity [21]. Finally, G can be chosen to be a complex three-form multiplet [21]
G = −
1
4
D¯2DβΥβ , (2.16)
where Υβ is an unconstrained complex spinor prepotential, with the gauge transformation
δΛΥβ = Λβ. This realisation corresponds to the complex three-form supergravity [8].
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3 Higher spin supercurrents
In this section we first describe the general structure of non-conformal higher spin
supercurrents [22].
In the framework of the longitudinal formulation, let us couple the prepotentials
Hα(s)α˙(s), Ψα(s−1)α˙(s−2) and Ψ¯α(s−2)α˙(s−1), to external sources
S
(s+ 1
2
)
source =
∫
d4xd2θd2θ¯
{
Hα(s)α˙(s)Jα(s)α˙(s) + Ψ
α(s−1)α˙(s−2)Tα(s−1)α˙(s−2)
+ Ψ¯α(s−2)α˙(s−1)T¯
α(s−2)α˙(s−1)
}
. (3.1)
Requiring S
(s+ 1
2
)
source to be invariant under (2.4b) gives
D¯β˙Tα(s−1)β˙α˙1...α˙s−3 = 0 , (3.2a)
and therefore Tα(s−1)α˙(s−2) is a transverse linear superfield. Requiring S
(s+ 1
2
)
source to be invari-
ant under the gauge transformations (2.5a) and (2.6b) gives the following conservation
equation:
D¯β˙Jα1...αsβ˙α˙1...α˙s−1 +
1
2
(
D(α1D¯(α˙1 − 2i(s− 1)∂(α1(α˙1
)
Tα2...αs)α˙2...α˙s−1) = 0 . (3.2b)
For completeness, we also give the conjugate equation
DβJβα1...αs−1α˙1...α˙s −
1
2
(
D¯(α˙1D(α1 − 2i(s− 1)∂(α1(α˙1
)
T¯α2...αs−1)α˙2...α˙s) = 0 . (3.2c)
Similar considerations for the transverse formulation lead to the following non-conformal
supercurrent multiplet
D¯β˙Jα1...αsβ˙α˙1...α˙s−1 −
1
4
D¯2Fα1...αsα˙1...α˙s−1 = 0 , (3.3a)
D(α1Fα2...αs+1)α˙1...α˙s−1 = 0 . (3.3b)
Thus the trace multiplet F¯α(s−1)α˙(s) is longitudinal linear.
In the remainder of this section we are going to show that it is the longitudinal higher
spin supercurrents (3.2) which naturally arise in the massive chiral model (1.5). As in
[23], it is useful to introduce auxiliary complex variables ζα ∈ C2 and their conjugates ζ¯ α˙.
Given a tensor superfield Uα(p)α˙(q), we associate with it the following field on C
2
U(p,q)(ζ, ζ¯) := ζ
α1 . . . ζαp ζ¯ α˙1 . . . ζ¯ α˙qUα1...αpα˙1...α˙q , (3.4)
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which is homogeneous of degree (p, q) in the variables ζα and ζ¯ α˙. We introduce operators
that increase the degree of homogeneity in the variables ζα and ζ¯ α˙,
D(1,0) := ζ
αDα , D¯(0,1) := ζ¯
α˙D¯α˙ , ∂(1,1) := 2iζ
αζ¯ α˙∂αα˙ , (3.5)
and their descendants
A(1,1) := −D(1,0)D¯(0,1) + (s− 1)∂(1,1) , A¯(1,1) := D¯(0,1)D(1,0) − (s− 1)∂(1,1) . (3.6)
The fermionic operators D(1,0) and D¯(0,1) are nilpotent, D
2
(1,0) = 0 and D¯
2
(0,1) = 0. We also
introduce two nilpotent operators that decrease the degree of homogeneity in the variables
ζα and ζ¯ α˙, specifically
D(−1,0) := D
α ∂
∂ζα
, D2(−1,0) = 0 , (3.7a)
D¯(0,−1) := D¯
α˙ ∂
∂ζ¯ α˙
D¯2(0,−1) = 0 . (3.7b)
Making use of the notation introduced, the transverse linear condition (3.2a) and its
conjugate become
D¯(0,−1)T(s−1,s−2) = 0 , (3.8a)
D(−1,0)T¯(s−2,s−1) = 0 . (3.8b)
The conservation equations (3.2b) and (3.2c) turn into
1
s
D¯(0,−1)J(s,s) −
1
2
A(1,1)T(s−1,s−2) = 0 , (3.9a)
1
s
D(−1,0)J(s,s) −
1
2
A¯(1,1)T¯(s−2,s−1) = 0 . (3.9b)
Since the operator D¯(0,−1)J(s,s) is nilpotent, the conservation equation (3.9a) is consistent
provided
D¯(0,−1)A(1,1)T(s−1,s−2) = 0 . (3.10)
This is indeed true, as a consequence of the transverse linear condition (3.8a).
Using the notation introduced, the massless higher spin supercurrent (1.8) becomes
J(s,s) =
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
∂k(1,1)D(1,0)Φ ∂
s−k−1
(1,1) D¯(0,1)Φ¯
+
(
s
k
)
∂k(1,1)Φ ∂
s−k
(1,1)Φ¯
}
(3.11)
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We now turn to constructing non-conformal higher spin supercurrents arising in the
massive model (1.5). Guided by the structure of the Ferrara-Zumino supercurrent for the
model (1.5), we assume that J(s,s) has the same functional form as in the massless case,
eq. (3.11). Making use of the massive equation of motion,
−
1
4
D¯2Φ¯ +mΦ = 0 , (3.12)
we obtain
D¯(0,−1)J(s,s) = F(s,s−1) , (3.13a)
where we have denoted
F(s,s−1) = 2m(s+ 1)
s∑
k=0
(−1)s−1+k
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s
k + 1
s− k + 1
}
∂k(1,1)Φ ∂
s−k−1
(1,1) D(1,0)Φ . (3.13b)
Keeping in mind eq. (3.9a), we now look for a superfield T(s−1,s−2) such that (i) it
obeys the transverse linear constraint (3.8a); and (ii) it satisfies the equation
F(s,s−1) =
s
2
A(1,1)T(s−1,s−2) . (3.14)
We consider a general ansatz
T(s−1,s−2) = (−1)
sm
s−2∑
k=0
ck∂
k
(1,1)Φ ∂
s−k−2
(1,1) D(1,0)Φ . (3.15)
For k = 1, 2, ...s− 2, condition (i) implies that the coefficients ck must satisfy
kck = (s− k − 1)cs−k−1 , (3.16a)
while (ii) gives the following equation
cs−k−1 + sck + (s− 1)ck−1 = −4(−1)
k s + 1
s
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s
k + 1
s− k + 1
}
. (3.16b)
Condition (ii) also implies that
(s− 1)cs−2 + c0 = 4(−1)
s(s+ 1)
{
1 + (−1)s
s
2
}
, (3.16c)
8
c0 = −
4
s
(s+ 1 + (−1)s) . (3.16d)
It turns out that the equations (3.16) lead to a unique expression for ck given by
ck = −
4(s+ 1)(s− k − 1)
s(s− 1)
k∑
l=0
(−1)k
s− l
(
s
l
)(
s
l + 1
){
1 + (−1)s
l + 1
s− l + 1
}
, (3.17)
k = 1, 2, . . . s− 2 .
If the parameter s is odd, s = 2n+1, with n = 1, 2, . . . , one can check that the equations
(3.16a)–(3.16c) are identically satisfied. However, if the parameter s is even, s = 2n, with
n = 1, 2, . . . , there appears an inconsistency: the right-hand side of (3.16c) is positive,
while the left-hand side is negative, (s− 1)cs−2+ c0 < 0. Therefore, our solution (3.17) is
only consistent for s = 2n+ 1, n = 1, 2, . . . .
Relations (3.11), (3.15), (3.16d) and (3.17) determine the non-conformal higher spin
supercurrents in the massive chiral model (1.5), with the trace multiplet T(s−1,s−2) being
the higher spin extension of (1.6). Unlike the conformal higher spin supercurrents (1.8),
the non-conformal ones exist only for the odd values of s, s = 2n+ 1, with n = 1, 2, . . . .
4 Concluding comments
The non-conformal higher spin supercurrent multiplets (3.2) and (3.3) are automati-
cally consistent, since they are associated with the gauge-invariant models (2.8) and (2.7),
respectively. An interesting open question is to classify all non-conformal deformations of
the higher spin supercurrents (1.7), along the lines of the recent analysis of non-conformal
N = (1, 0) supercurrents in six dimensions [24]. Our results provide the setup required
for developing a program to derive higher spin supersymmetric models from quantum cor-
relation functions, as an extension of the non-supersymmetric approaches pursued, e.g.,
in [25, 26, 27]. Our results also have a natural extension to the case of N = 2 supersym-
metry in three dimensions, where the off-shell higher spin supermultiplets have recently
been constructed in [28].
Shortly before posting this work to the arXiv, there appeared another revised version
(v3, 26 Oct) of Ref. [13] containing a new section devoted to the higher spin supercurrents
in the massive chiral model (1.5). These authors also observed that the higher spin
supercurrents Jα(s)α˙(s) in the massive chiral model (1.5) exist only for the odd values of s,
s = 2n+ 1, with n = 1, 2, . . .
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